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^\ ' Abstract. We give some general results on proper-biharmonic submanifolds of 

c7 J , a complex space form and, in particular, of the complex projective space. These 

■ results are mainly concerned with submanifolds with constant mean curvature or 

(N ■ parallel mean curvature vector field. We find the relation between the bitension 

^_ field of the inclusion of a submanifold M in CP" and the bitension field of the 

D ' inclusion of the corresponding Hopf-tube in S^""*"^. Using this relation we produce 

[JL^ I new families of proper-biharmonic submanifolds of CP" . We study the geometry 

of biharmonic curves of CP" and we characterize the proper-biharmonic curves 
in terms of their curvatures and complex torsions. 
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1. Introduction 



o 

, Biharmonic maps (p : (M, g) [N, h) between Riemannian manifolds are critical 
points of the bienergy functional 

■ where T{(p) = trace Vdc/? is the tension field of (p that vanishes on harmonic maps. 

. The Euler-Lagrange equation corresponding to E2 is given by the vanishing of the 

' bitension field 

o ■ 



(1.1) T2{p) = -J^{T{ip)) = -A'^r((/p) - trace R^idip, T{ip))dip, 

where J'^ is formally the Jacobi operator of p (see [16]). The operator J'^ is linear, 
I thus any harmonic map is biharmonic. We call proper-biharmonic the non-harmonic 

biharmonic maps. 

The analytic aspects of biharmonic maps as well as the differential geometry of 
^ I such maps have been studied in the last decade (see, for example, [3 [T71 ESI [23] 

^ ■ and [a [TOl [m EH EH , respectively) . 

In this paper we shall focus our attention on proper-biharmonic submanifolds, i.e. 
on submanifolds such that the inclusion map is a proper-biharmonic map. 

The proper-biharmonic submanifolds of a real space form were extensively studied, 
see, for example, [H |4l [U El [U [H]. Naturally, the next step has been the study of 
proper-biharmonic submanifolds of spaces of non-constant sectional curvature (see, 
for example, P [H [H [El ESI [26l [STj). 

This work is devoted to the study of proper-biharmonic submanifolds in a com- 
plex space form. This subject has already been started by several authors. In ^ 
some pinching conditions for the second fundamental form and the Ricci curva- 
ture of a biharmonic Lagrangian submanifold of CP", with parallel mean curvature 
vector field, were obtained. In [26], the author gave a classification of biharmonic 
Lagrangian surfaces of constant mean curvature in CP^. Finally, in [14], there is a 
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characterization of biharmonic constant mean curvature real hypersurfaces of CP*^ 
and the classification of biharmonic homogeneous real hypersurfaces of CP". 

The paper is organized as follows. In the first part we obtain some general prop- 
erties on proper-biharmonic submanifolds with constant mean curvature, or parallel 
mean curvature vector field, of the complex projective space endowed with the stan- 
dard Fubini-Study metric. When the ambient space is a complex space form of 
non-positive holomorphic curvature we obtain non-existence results. 

In the second part we consider the Hopf map defined as the restriction of the 
natural projection vr : C""*"^ \ {0} — > CP" to the sphere S^""*"^, which defines a 
Riemannian submersion. For a real submanifold M of CP" we denote by M := 
7r~^(M) the Hopf-tube over M. We obtain the formula which relates the bitension 
field of the inclusion of M in CP" and the bitension field of the inclusion of M = 
Tr~^{M) in S^""*"^ (Theorem 13. 3p . Using this formula we are able to produce a new 
class of proper-biharmonic submanifolds M of CP" when M is of "Clifford type" 
(Theorem 14. 2p . and to reobtain a result in [27] when M is a product of circles 
(Theorem IHO]). 

We note that M is minimal (harmonic) in CP" if and only if M is minimal in 
§2"+! (see [E]) but, for what concerns the biharmonicity, the result does not hold 
anymore. 

In the last part of the paper we concentrate on the geometry of proper-biharmonic 
curves of CP". We characterize all proper-biharmonic curves of CP" in terms of 
their curvatures and complex torsions. Then, using the classification of holomorphic 
helices of CP^ given in [,l9j, we determine all proper-biharmonic curves of CP^ 
(Theorem 16. Ih . 

2. Biharmonic submanifolds of complex space forms 

Let Ej^(4c) be a complex space form of holomorphic sectional curvature 4c. Let 
us denote by J the complex structure and by (, ) the Riemannian metric on Ej^(4c). 
Then its curvature operator is given, for vector fields X, Y and Z, by 

(2.1) P'^c(4c)(x,y)Z = c{{Y,Z)X - {X,Z)Y 

+{JY, Z)JX - {JX, Z)JY + 2(X, JY)JZ]. 

Let now 

J : M™ ^Eg(4c) 

be the canonical inclusion of a submanifold M in E^(4c) of real dimension fh. Then 
the bitension field becomes 

(2.2) T2{j) = -m{Am - cfhH + 3cJ (J^)^}, 

where H denotes the mean curvature vector field. A-' is the rough Laplacian, and 
O""" denotes the tangential component to M. The overbar notation will be justified 
in the next section. If we assume that JH is tangent to M, then (j2.2p simplifies to 

(2.3) T2(j) = -fh{A^H - c{m + 3)H}. 

Decomposing (|2.3p with respect to its tangential and normal component we get 

Proposition 2.1. Let M be a real submanifold o/Eg(4c) of dimension fh such that 
JH is tangent to M . Then M is biharmonic if and only if 

( A^H + trace B{-, Ah {■)) -c{m + 3)H = 
^^■'^^ I 4traceivx^(-) +mgrad(|^P) = 
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where A denotes the Weingarten operator, B the second fundamental form, H the 
mean curvature vector field, V"*" and A"*" the connection and the Laplacian in the 
normal bundle of M in E^(4c). 

Proof. Since H is normal to M, from ()2.3p we only have to split A^H. With respect 
to a geodesic frame {Xi}'^^ around an arbitrary point p £ M, we have 

fh 

-A^H = y V^" V^" H. 

i=l 

Thus, around p, 



v^j^y^^S = V^V^H - A^^ six,) - BiX^AsiX,)) - V§AniX.) 
and, at p, 

fh 

^V^^V^^5' = -A^H -tmceAy± jj(-) - trace B{-, Af}{-)) - trace V^^jj(-, •), 
1=1 

where is the Levi-Civita connection on M. Moreover, a long but straightforward 
computation gives 

trace V*A^(.,.) = J2^§As{X.) 

i=l 

= Y^v'£i{Affix,),x,)x,) = Y,ixMfj{Xi),x,))x, 

= Y^{X,{BiX„X,),H))X, = Y,{X,{V^^X,,H))X, 

i,j id 

= E^^^iV^x,^-^) + {B{X„X,),Vj,M)}Xj 
= T.ii^xyxXi,H) + {A^^siX^),X,)}X, 
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Further, using the curvature tensor field of the pull-back bundle (j) ^rEj^(4c), we 
get 



trace V^^5(-,-) 



i 

cY,{{Xi,Xj)Xi-{X„X,)Xj 



+ {JXj,Xi)JXi - {JXi,Xi)JX, + 2{Xi, JXj)JXi, H)Xj 



3c^{J{{JXj,Xi)X,), H)X, + m J^(V^^^,^, H)X, 

id j 

+3c J]( J(( JX,)^), ^>X, + i^x 



Therefore 

fh 



^grad(|^|2) + 3cj;(J((JX,-r),i7)X,+j;i^x5(X,). 



i=l 



Finally, taking into account that JH is tangent to M, we have 



m 



A^H = A^H + 2traceA^± + trace B{-, Ag{-)) + — grad(|iJ| 
which gives, together with (j2.3p . the desired result. 



□ 



If M is a hypersurface, then JH is tangent to M, and the previous proposition 
gives the following result of [T3j 

Corollary 2.2. Let M he a real hypersurface o/E^(4c) of non-zero constant mean 
curvature. Then it is proper-biharmonic if and only if 

l^p = 2c(n + 1). 

Proposition 12.11 can be applied also in the case of Lagrangian submanifolds. We 
recall here that M is called a Lagrangian submanifold if dimM = n and = 0, 
where is the fundamental 2-form on EJ^(4c) defined by i}{X,Y) = {X,JY), for 
any vector fields X and Y tangent to E^(4c). 

Corollary 2.3. Let M be a Lagrangian submanifold o/E^(4c) with parallel mean 
curvature vector field. Then it is biharmonic if and only if 

trace B{-, Aff{-)) = c(n + 3)^". 

In the sequel we shall consider only the case of complex space forms with positive 
holomorphic sectional curvature. A partial motivation of this fact is that Corol- 
lary [22] rules out the case c < 0. As usual, we consider the complex projective space 
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CP*^ = (C"+^ \ {0})/M*, endowed with the Fubini-Study metric, as the model for 
the complex space form of positive constant holomorphic sectional curvature 4. 

Proposition 2.4. Let M be a real submanifold of CP" of dimension fh such that 
JH is tangent to M . Assume that it has non-zero constant mean curvature. We 
have 

(a) If M is proper-biharmonic, then G (0, "^^ ]- 

(b) // = then M is proper-biharmonic if and only if it is pseudo- 



m+3 
fh ' 

umbilical and V-^H = 0. 



Proof. Let M be a real submanifold of CP" of dimension fh such that JH is tangent 
to M. Assume that it has non-zero constant mean curvature, and it is biharmonic. 
As M is biharmonic we have 

l^^H = {m + 3)H -trace B{-,AHi-)), 

so 

fh 

{A^H, H) = {m + 3)\H\^ - Y.{B{Xi, Ah{X.i)),H) = {fh + 3)|^|2 - 

i=l 

Replacing in the Weitzenbock formula (see, for example, p2]) 

the expression of {A^H,H), and using the fact that \H\ is constant, we obtain 
(2.5) (?fi + 3)|P'p = + IV^P'P. 

Let p be an arbitrary point of M and let {Xj}^^ be an orthonormal basis of TpM 
such that Ag{Xi) = XiXi. We have 

\i = {AH{Xi),Xi) = {B{Xi,Xi),H) 

which implies 

fh 
i=l 

or, equivalently, 

2 _ Si^l 



m 

Then the square of the norm of Ajj becomes 

m fh 

\Agf = ^{Aji{Xi),As{Xi)) = 

1=1 i=l 

Replacing in (j2.5p we get 

y A, = YiXif + \V^Hf > + \V^H\\ 

m ^-^ ^-^ m 

Therefore 

(m + 3)|^|2 > fh\H\^ + \V^H\^ > fh\H\^, 

so 

I^Pe(o,^]. 

m 
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(b) If = ^^^^^ and M is biharmonic, the above inequalities become equalities, 
and therefore Ai = • • • = Am and \/^H = 0, i.e. M is pseudo-umbilical and V^H = 
0. 

Conversely, it is clear that if = ^^^^ and M is pseudo- umbilical with ^-^H = 0, 
then M is proper-biharmonic. □ 

Remark 2.5. We shall see in Proposition 15.11 that the upper bound of is 
reached in the case of curves. 

Proposition 2.6. Let M be a proper-biharmonic real hypersurface of CP" of con- 
stant mean curvature \H\. Then its scalar curvature s*'^ is constant and given by 

s^^ = 4^2 _ 2n - 4 + (2n - iflHl"^. 

Proof. Let M^"-"^ be a proper-biharmonic real hypersurface of CP" with constant 
mean curvature, so |Pp = 2{n + 1). 

The Gauss equation for the submanifold AI of CP" is 

(2.6) {R^^{X,Y)Z,T) = {R^^"{X,Y)Z,T) 

-{B{Y, T),B{X, Z)) + (P(X, T), P(y, Z)), 

where is the curvature tensor field of M. 

Let us denote by p^^{X,Y) = trace{Z R^^{Z,X)Y} the Ricci tensor. 
Computing (|2.6p for X = T = Xj, where {^i}^"]"^ is a local orthonormal frame 
field, we have 

{R^{X,,Y)Z,Xi) = {{Z,Y)X,-{Z,Xi)Y,Xi) 

+{{JY,Z)JX„Xi) - {{JXi,Z)JY,X,) 
+2{{X„JY)JZ,X,) 

-{B{Y,X,),B{Xi,Z)) + {B{X„Xi),B{Y,Z)) 
= {Z,Y)-{Z,Xi){Y,Xi) 

+ {JY,Z){JXi,Xi) - {JXi,Z){JY,Xi) 

+2{X,,JY){JZ,X,) - {B{Y,Xi),B{Z,X,)) 

+ {B{Xi,Xi),B{Y,Z)) 
= {Z,Y) - {Z,Xi){Y,Xi) +3{JZ,Xi){JY,X,) 

-{AiY),Xi) {A{Z),X.^ + {B{Xi,Xi), B{Y, Z)), 
where H = \H\fi and A = Afj. Therefore 

2n-l 
i=l 

= (2n - 1){Z, Y) - {Z, Y) + 3{{JZy, (JY^) 
-{AiY),A{Z)) + {2n-l)\H\{A{Y),Z). 

Now, 

( JZ, JY) = {Z, Y) 

= {{jzf + {jz, fj)fj, {JY)" + ( jy, f,)fi) 

= {{JZ)'^,{JY)'^) + {JZ,f]){JY,v), 

which implies 

((JZ)^,(jy)T) = {Z,Y) - {Z,Jfj){Y,Jfj). 
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Replacing in the above expression of the Ricci tensor, we get 

p''\Y,Z) = 2{n-l){Z,Y)+3{{Y,Z)-{Z,Jr]){Y,Jfi)} 
-{AiY),AiZ)) + {2n-l)\H\{A{Y),Z). 

Finally, taking the trace, we have 

2n-l 

= ^ p^\Xi,Xi) = 2{n-l){2n-l)+3{2n-l) 

i=l 

-|Jf/|2-|i|2 + (2n-l)2|^|2 
= (2n - 2 + 3)(2n - 1) - 1 - 2(n + 1) + (2n - lf\H\^ 
= 4n2-2n-4 + (2n-l)^|^|^ 



□ 



Another important family of submanifolds of CP" is that consisting of the sub- 
manifolds for which JH is normal to M. In this case, using an argument similar to 
the case when JH is tangent to M, we have the following result 

Proposition 2.7. Let M be a real submanifold of CP" of dimension in such that 
JH is normal to M. Then M is biharmonic if and only if 



(2.7) 



' A^H + trace B{-,Ah{-)) -fhH = 
4trace Ay± jj(-) + mgrad(|P'p) = 



Moreover, if JH is normal to M and M has parallel mean curvature, then M is 
biharmonic if and only if 

trace P(-,Ajj(-)) = ffiH. 

Also in this case, if the mean curvature is constant we can bound its value, as it 
is shown by the following 

Proposition 2.8. Let M be a real submanifold of CP" of dimension fh such that 
JH is normal to M . Assume that it has non-zero constant mean curvature. We 
have 

(a) If M is proper-biharmonic, then \H\'^ G (0)1]- 

(b) If\H\'^ = 1, then M is proper-biharmonic if and only if it is pseudo-umbilical 
and V^H = 0. 

Remark 2.9. We shall see in Proposition 15.51 (a), that the upper bound is reached 
in the case of curves. 



3. The Hope eibration and the biharmonic equation 

Let TT : C"^^ \ {0} CP" be the natural projection. Then vr restricted to the 
sphere §2"+i of C"+^ gives rise to the Hopf fibration vr : §^"+1 ^ CP" and if 4c = 4 
then vr : S^"^^ CP" defines a Riemannian submersion. In the sequel we shall look 
at S^""^-*^ as a hypersurface of M^""'"^ and we shall denote by J the complex structure 

ofM2"+2. 

Let M be a real submanifold of CP" of dimension rh and denote by M := vr"^ (M) 
the Hopf-tube over M. If we denote by J : M ^ CP" and j : M ^ §2*1+ 1 ^j^g 
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respective inclusions we have the following diagram 

M — ^ S2n+1 

vr 

M — ^ CP". 

We shall now find the relation between the bitension field of the inclusion J and 
the bitension field of the inclusion j. For this, let {-^fcl^Li be a local orthonormal 
frame field tangent to M , 1 < m < 2n — 1, and let {??Q:}a=m,+i be a local orthonormal 
frame field normal to M. Let us denote by := and t/q, := 77^ the horizontal 
lifts with respect to the Hopf map and by ^ the Hopf vector field on S^""*"^ which 
is tangent to the fibres of the Hopf fibration, i.e. ^(p) = —Jp, for any p G S^"^^. 
Then {^^X^} is a local orthonormal frame field tangent to M and {r/a} is a local 
orthonormal frame field normal to M. 

Lemma 3.1. Let X =_X^ £ C{TM), where X £ C{TM), and V = G 
C7(j-i(rS2"+i)), where V £ C7((j)-i(rCP")). Then 

V'^V = {V'j^Vf + {V, JX)i = (V'^Vf + {{V, JX) o vr)e, 

where andV^ denote the pull-back connections on j~^{T§'^^^^) and {j)^^{TCP"'), 
respectively. 

Proof. Decomposing V^^y in its horizontal and vertical components we have 
Now, 

(v^^y,0 = -{v,v'xO = -{v,^x^ + {x,Op) 

= {V, VxJp) = {V. JX) = {V, JX) o TT, 
where V is the Levi-Civita connection on the Euclidean space E^""*"^. □ 
Lemma 3.2. IfV = V^ £ C {j'^ {T^'^'^+^)) , V e C7((j)-i(rCP")), then 

A^F = (^^v)^ + 2A:iY{{jvy)i + (y,jT{j))i + v - j{jvy , 

where and are the rough Laplacians acting on sections of j^^{TS'^^^^) and 
(j)^^(TCP"), respectively, whilst {V)^ denotes the component of V tangent to M. 

Proof. The Laplacian A-' is given by 



m 




We compute each term separately. From Lemma l3.ll we have 

= (vjvjy)^ + 2(v^^y,jx,)e 

+ {V,V'^JXi)^ + {JV,X,)JXi. 

Using 

vyx, = jv'^x, + ^ 
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we get 

(3.1) v^xV^x,^ = (v5jV5,y)^ + 2(v^^y,jx,)e 

Next 

(3.2) %fxy = ^%M^yf + {V,JV'£X,)^. 
Summing (j3.ip and (j3.2p up we find 



-A^y = -{A^Vf + 2J2{V^xyJm + {V,JJ2{V'xX^-Vji^X,))C 

i=l i=l 

fh 

+ J{{jy, Xi)Xi) + v\v\v 

i=l 

fh 



i=l 

+ j( jy)^ + v|v|y. 

We now compute the extra terms in the above equation. 

m m 

(3.3) ^(V^;,F,JX,) = j;{-x,(jy,x,) + (jF,v^^x,)} 



(JF,r(j)) - Y.{Xi{JV,Xi) - (JF, Vf^Xi)} 

i=l 

(JF,r(j))-div((JF)T). 



Finally 

v|i^ = i/(v|y) + (v^^i^,e)e = ^(v^gy) 

= H{V^yi) = H{Vvi + {V, Op) = H{-JV) = -JV 

which gives 

V\V\V = -V 



□ 



Before giving the relation between the bitension fields we need to compute the 
trace of the curvature operators. One gets immediately 

(3.4) - trace {dj, T{j))dj = (m + l)r(j) 
and 

(3.5) - trace i?^^"(dj, T{j))dj = mr(j) - 3J( Jr(j))^. 

We are now ready to state the main theorem of this section 

Theorem 3.3. Let M he a real submanifold of CP" of dimension fh and denote 
by M := 7r~^{M) the corresponding Hopf-tube. If we denote by j : M ^ CP" and 
J : M — > S^""*"-^ the respective inclusions we have that 

(3.6) (Mj))^ = T2O) - 4J(Jr(j))T + 2 div(( Jr(j))T)e 
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Proof. From (jl.ip and (|3.4p we have 

T2{j) = -A^T{j) + {m + l)T{j). 

Next, since r(j) = (t(J))^, using Lemma [3^ and ()3.5p we find the assertion of the 
theorem. □ 

Remark 3.4. (i) Using the horizontal lift, it is straightforward to check that 
(|3.6p can be written as 

(r2(j))^ = Mj) - 4(J(Jr(j))^)^ + 2(div,^((Jr(j))T) o vr)^. 

(ii) If Jt{j) is normal to M, then T2(j) = if and only if T2{j) = 0. 

(iii) If Jt{j) is tangent to M, then T2(J) = and div^:^(( Jr(j))^) = if and only 
if T2(j)+4r(j) =0. 

(iv) Assume that, locally, M = 7r"i(M) = x M, where M is an integral 
submanifold of S-^""*"^, i.e. {Xp,^{p)) = 0, for any vector Xp tangent to M. 
Denote by J : M ^ S^"+^ the canonical inclusion, and by {i;^*} the flow of ^. 
We know that T2[j){t^p) = {d4>t)p{T2{3))-, see [13], and we can check that, at 

(T2(j))^ = r2(J) - 4J(Jr(J))^ + 2div^^((Jr(J))T)e 

To state the next results we recall that a smooth map : (M, g) {N, h) is 
called X-biharmonic if it is a critical point of the X-bienergy 

E2{^) + XE{^), 

where A is a real constant. The critical points of the A-bienergy satisfy the equation 

T2{ip) - At((/?) = 0. 

Proposition 3.5. Let M be a real hypersurface o/CP" of constant mean curvature 
and denote by M = 7r~^(M) the Hopf-tube over M. Then T2{j) = if and only if 
T2ij) + 4r(j) = 0, i.e. j is [—A)-biharmonic. 

Proof. We have {Jt{j))^ = Jt{j) and it remains to prove that divj^:^( Jr(j)) = 
0. Let be a local unit section in the normal bundle of M in CP" and con- 
sider {Xi, JXi, . . . , JXji_i, J^} a local orthonormal frame field tangent to 
M. Since M is a hypersurface of constant mean curvature, it is enough to prove 
that div^^ (Jf/) = 0. But, denoting by Af^ the shape operator of M, 

(V£ Jr?, Xa) = (A^(X,), JX,), (V)^/f?, JXb) = -{Ar^iXb), JXb), 
for any 1 < a,b < n — 1, and 

(V|jry,jiy)=0, 

so we conclude. □ 

Proposition 3.6. Let M be a Lagrangian submanifold of CP" with parallel mean 
curvature vector field and denote by M = 7r~^(M) the Hopf-tube over M. Then j is 
biharmonic if and only if j is [—A)-biharmonic. 

Proof. Since M is a Lagrangian submanifold, dimM = fh = n and J(TM) = NM 
(therefore J{NM) = TM). We have that Jr(j) G C{TM) and we shah prove that 
Jt{j) = which implies divjg(Jr(j)) = 0. Indeed, for any X and Y tangent to 
M we have 

(Vf Jr(j), Y) = (Vp-r(j), y) = ( JV^^r(j), Y) = {- J A,^^{X) ,Y) 
= 0. 
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□ 

We end this section with 

Proposition 3.7. Let M be a real submanifold o/ CP" such that Jt{j) is normal 
to M and denote by M = 7r~^{M) the Hopf-tube over M. Then j is biharmonic if 
and only if j is biharmonic. 



4. Biharmonic submanifolds of Clifford type 

For a fixed n > 1, consider the spheres 8'^P+^{a) C M.'^p+^ = CP+^ and S2'2+i(5) c 
= C''+\ with a'^ + b^ = 1 andp + q = n-l. Denote by Tf^ = S^P+^{a) x 
g2(j+i|-^-j C S^*^"*"^ the Chfford torus. Let now Mi be a minimal submanifold of 
S^^~'~^(a) of dimension mi and M2 a minimal submanifold of §^^"''^(6) of dimension 
771,2. The submanifold Mi x M2 is clearly minimal in T^'^ and, according to [6j, is 

proper biharmonic in if and only ii a = b = \/2/2 and mi 7^ m2- If Mi x M2 

is invariant under the action of the one-parameter group of isometries generated by 
the Hopf vector field ^ on S^""^^, then it projects onto a submanifold of CP" and we 
could ask for which values of a,b,mi,m2 is it a proper-biharmonic submanifold. 
We start with the following 

Lemma 4.1. Let denote by ji : M™' x M^"" T^'Jj the inclusion of Mi x M2 in 
the Clifford torus and by j : T^'^ S^"+^ the inclusion of the Clifford torus in the 
sphere. Then 



(4.1) 



tO ° Ji) = (t"T'2 - -mi)ri = crj 

T2U ° Ji) = c(?i^i + "^2 n^i - 7ym2)r/ 



where r] is the unit normal section in the normal bundle of T^'^ in S^"'^-'^ given by 
r^{x,y) = i^x, -fy), x G 8^P+\a),y e S^'^+\b). 

Proof Let p = {x,y) G Tf'^^ x G M2p+2^ y ^ ]^2g+2^ |^| ^ |y| ^ ^_ rpj^^^^ 
r]{x,y) = (^x,— |y) defines a unit normal section in the normal bundle of Tj'^ in 
g2n+i_ identify X = {X, 0) G TpTf '^^ F = (0, Y) G rpr^;^^ and a straightforward 
computation gives 

V^^r? = -^^(X) = ^X, V^yr/ = -A-'(y) = -^y. 

Let {Xk = (Xfc,0)} be a local orthonormal frame field tangent to §^^^^(a) and 
{Y/ = (0, Y;)} a local orthonormal frame field tangent to S^'^^^(6). Then, applying 
the composition law for the tension field and using that ji is harmonic, we have 



rijoji) = dj{T{ji)) + trace Vdj{dji,dji) 

nil "1-2 

]{A\Xk),Xk)v + Y^{A^iYi),Yi)7j = i^m2 - -mi)r, = crj. 



E , ,a b 
^ ^ a 

k=l 1=1 

To compute T2{j o ji), let us choose around p = {x,y) G Mi x M2 a frame field 
{{Xf^,Yi)} such that {Xfcj^i is a geodesic frame field around x and {ll}J!!fi is a 
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geodesic frame field around y. Tfien at p 

mi m2 

k=l 1=1 
, mi m2 

k=l 1=1 

(4.2) = '-Y,{B\X,,X,)+V^^'X,)--Y.^B\YuYi) + Vy;'Yi) 

k=l 1=1 
, mi m2 

b \ - „i . s a \ - 



a ■' — ' 6 ^-^ 

k=l 1=1 



Finally, using the standard formula for the curvature of S^""*"^, we get 

- trace R {d{j o ji), r(j o ji))d{j o ji) = {mi + m2)r0 o ji) = (mi + m2)cr], 
that summed up with (j4.2p gives the lemma. □ 



Theorem 4.2. Lei vr : S^n+i ^ CP" 6e the Hopf map. Let M = M^' x be 
the product of two minimal submanifolds of E^'^'P^^ (a) and §^'^"'"^(6), respectively. As- 
sume that M is invariant under the action of the one-parameter group of isometrics 
generated by the Hopf vector field ^ on S^""*"^. Then 7r(M) is a proper-biharmonic 
submanifold o/CP" if and only if M is {—A)-biharmonic, that is 

'a^ + b^ = l 
(4.3) <! ^rn^ " ^"^i / 



62 a 



2 

nil + T9 ^2 = 4 + mi + m2 



where mi and m2 are the dimensions of Mi and M2, respectively. 

Proof. The Hopf vector field ^ is a Killing vector field on S^n+i that, at a point 
p = {x, y), is given by 

C = -(-x^ -x'P^',x'P+\ -y\y\ . . . , /^+^) = (6,6)- 

Since Mi x M2 is invariant under the action of the one-parameter group of isometrics 
generated by ^, it remains Killing when restricted to Mi x M2. As 

h = {--ii,-A2\ 

a b 

it follows that Jr] is a Killing vector field on Mi x M2. 

Since div( Jr(j o ji)) = div(cjr/) = 0, using Remark 13.41 (iii), it results that 
7r(Mi X M2) is a biharmonic submanifold of CP" if and only if 

T-2(jo ji) + 4t(jo ji) = 0. 

Finally, using Lemma |4.H we get 

52 a2 

T2(j o Ji) + 4t(j o Ji) = c(4 + mi + m2 ^mi - -r^m2)r]. 

□ 
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Remark 4.3. If Mi = S^p+Ij-q) j^^d = §^''+1(6), we recover the result in 
concerning the proper-biharmonic homogeneous real hypersurfaces of type A in CP". 

Example 4.4. Let ei and 63 be two constant unit vectors in E^""*"^, with 63 orthog- 
onal to ei and Jei. We consider the circles §^(a) and S^(6) lying in the 2-planes 
spanned by {ei, Jei} and {63, Je3}, respectively. Then M = S^(a) x is invari- 
ant under the flow-action of ^, and 7r(M) is a proper-biharmonic curve of CP"" if 

and only if a = ^^^^ . 

Example 4.5. For p = and = n — 1, we get that 7r(S^(a) x is proper- 

biharmonic in CP" if and only if = ^+3±Vn^+2n+ 5 _ particular, TT{S^{a) x S^{b)) 

is a proper-biharmonic real hypersurface in CP^ if and only if = ^^j^^ - 

Example 4.6. If p = g then M = Tf f is never a proper-biharmonic hypersurface 



of S ''^ , and it is easy to check that 7r(M) is a proper-biharmonic hypersurface of 
CP" ifandonlyifa2 = ^^^±^^^^. 

Example 4.7. Let M = S2p+i(a) x S^(^) x P odd. Then M is minimal 

in T^f , and is proper-biharmonic in S^""*"^ if and only if a = 6 = By a straight- 
forward computation we can check that 7r(M) is proper-biharmonic in CP" if and 
onlyifa2 = Sl±I^H5. 

4.1. Sphere bundle of all vectors tangent to S^*'+^(a). We have seen that if M 
is a product submanifold in T^'^ then its projection tt{M) can be proper-biharmonic 
in CP". But when M is not a product, the situation can be more complicated as it 
is illustrated by the following example. 
We consider the sphere of radius a 

S2p+i(a) = {xe : (3;i)2 + . . . + {xW f = ^^j 

and its sphere bundle of all vectors tangent to S^p+i^q,) and of norm 6, that is 

M = r^S2p+l(„) = {(^^ y) £ ]g4p+4 .^^y^ j^2„+2^ ^ ^ ^ Q|_ 

It is easy to check that M is invariant under the flow-action of the characteristic 
vector field ^, which means e"'*p G M, Vp G M and Vt € M. Let (xq, yo) S M. Then 

r(,„,^„)M = {Zo = (Xo, Yo) G : (^o, Xq) = 0, (yo, ^o) = 0, 

(Xo,yo) + (xo,lo) =0}. 

In order to find a basis in r(^g ^^^M, we consider {yoj^ij • • • )y2p+i} an orthogonal 
basis in Txq'BP'^'^^ {a) , each vector being of norm h. We think M as a hypersurface 
of the tangent bundle rS2p+i(a), and we consider on TS^P+i^a) and M the induced 
metrics from the canonical metric on M'^^'"'"^ 

M ^ rs2p+i(a) ^ m4p+4^ 

The above inclusions are the canonical ones. 

The vertical lifts of the tangent vectors y2, y3, . . . , y2p+i, in {xq, yo), are 

y2' = (0, y2), = (0, ys), • • • , y2^+i = (o, y2p+i), 

and the horizontal hfts of yo, y2, ys, • • • , y2p+i, in (2:0, yo), are 
52 

Vo = (yo^ — 2^0)' = (^2,0), yf = (y3,0),... , y^+i = (y2p+i,0). 
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.H „,H „,H „,V „,V „,V 



The vectors {i/q ,1/2 , • • • , y2p+i' ^2 ' 2/3 ' ■ ■ ■ > 2/2p+i} form an orthogonal basis in 

b 



T(xo,yo)M and 



12/^1 = lys'l = • • • = \y2p+i\ = b, |yf I = Ivsl = ■■■ = \y2p+i\ = b, \yo\ 

The vector C(xo,yo) = Vo = {^jVo) is tangent to rS^P+-'^(a) in (a;o,yo) aiid 
orthogonal to M. 

From now on we shall consider + 6^ = 1 and the inclusions 



2 

We define 7/1(2:0,^0) = {yo,xo) and r]2ixo,yo) = {xo,-^yo). We have that r/i and 
rj2 are normal to M, and 

Viixo,yo) G r(,„,,„)(S2p+i(a) X s^p+Hb)), \viixo,yo)\ = 1 
r?2(xo,yo) e T(,„,,o)S^^+^ %(xo,yo) ^ r(,„,,„)(S2p+i(a)x §2^+1(5)), |r/2(xo,yo)l = f 

We denote by 5(^0 ^^) the second fundamental form of M in §^p+^, in the point 
(xo,yo)- By a straightforward computation we obtain 



(4.4) i?{.o,2/o)(^o, Zo) = -2{Xo, Yo)m - ^(l^oP - 

where Zq = {Xo,Yo) G T(^^,,y,)M. From gl]) we get 

^(^o,yo) = 4p ^ ^ ^2 ^2 = cr?2. 

Therefore M is minimal in j£ g^j^^j only if a = 6 = 

It is not difficult to check that 
(4.5) 

Vj^H 7?2 - VyH ??2 - 2/2 , ??2 - 1/3 ' • • • ' ^y2«+i^2 - y2p+l 

ya'' ~ ""^^2 ' v^v- 7?2 - -^ys , • • • , VyV-^^^^z - --^y2p+i 

V^H VI --^m, - 2/2 , r/1 - yg , . . . , V^^^^r/i - ^2^+1 



Prom (14.511 we obtain that 



(4.6) trace Av7± _(•)= and trace i?(-, ^„„ (•)) = 2p(-7r + ^)r/2. 

(■) " 0^ 

Denoting VF(xo, yo) = 2/o^, we get 

q2 

(4.7) - A^7?2 = -^{^w^W - VvMvK^2) = -r/2. 

Before concluding we give the following Lemma which follows by direct computation. 

Lemma 4.8. Lei A^" 6e a hypersurface of a Riemmanian manifold (P"+^, (, )), and 
X G C{TP) a Killing vector field. We denote X'^ = {X/j^y G C{TN). Then 
divX^ = n{H,X), where H is the mean curvature vector field of N . In particular, 
if N is minimal then divX^ = 0. 
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Now we can state 

Proposition 4.9. Let M = T^S^P^-'^(a) be the sphere bundle of all vectors of norm 
b tangent to S'^P^^{a). Assume that + 6^ = 1 and p > 1. Then we have 

(a) M is never proper-biharmonic in S'^p+^. 

(b) M is {—4:)-biharmonic in if and only if = '^^^^^'^2^ —- 

(c) M is minimal in Tlf = S2p+i(a) x §2p+i(5). 

(d) 7r(M) is never proper-biharmonic in CP" . 

Proof. As the mean curvature vector field of M in §'^p+3 is if = crj2, where c = 
4p+i " a!^ ' then M is biharmonic if and only if 

- trace P(-,A^,(-)) + {Ap + l)m = 
^ ' \2trace^V^^^^(-) + grad(c|r/2|2) = 

Prom (14. 6p and (14. 7p we get that M is biharmonic if and only if 



2 ^2 

-m - Mt2 + ^)^2 + (4p + l)r?2 = 0, 

which is equivalent to a = 6, that is M is minimal in S'^*'"'"^. 

(b) We obtain that M is (— 4)-biharmonic if and only if 

-r/2 - 2p{^ + ■^)?72 + (4p + l)r?2 + 4r/2 = 0, 

which holds if and only if a"^ = -^-'-^^f^^. 

(c) We denote by A the shape operator of M in S2p+i(a) x S^P+^{b), A = Arj^. 
We can check that 

,H\_n A/„.H\ _ „,V Alr.,H\ — .y A(..H \_ ,,V 



(4.9) 



A{y^) = 0, A{y^) = -y^ A{y^) = -y^ , . . . , A{y^^^,) = -y^Vi 



and therefore traced = 0, which means that M is minimal in §2p+i(a) x S'^P+^{b). 
(d) We first define 

Ux,y) = {Jx-'^Jy) = (-6,^6), V(x,y) G S^p+i^^) ^ g2p+i(^)^ 

The vector field ^3 is a Kilhng vector field on §^^+^(0) x §2p+i(5). We observe that 
?3/M = -^^^ Since M is minimal in §^^+^(0) x §^^+-^(6), from Lemma |4.8| we get 
div( Jr/2)^ = 0. Therefore 7r(M) is biharmonic in CP" if and only if 

r2 0)-4J(Jr(j))^=0, 

which is not satisfied. □ 



4.2. Circles products. We shall recover a result of Zhang (see [27]). 
We denote by T the (n + l)-dimensional Clifford torus 

j:T = S\ai) X • • • X S^an+i) ^ 

where of + • • • + a^_,_^ = 1. The projection T = vr(T) is a Lagrangian submanifold 
in CP" of parallel mean curvature vector field. 
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Theorem 4.10 ([27]). The Lagrangian submanifold T = vr(T) o/ CP" is proper- 
biharmonic if and only if T is [—A)-hiharmonic, that is 



(4.10) 



a" 



ko 



/ for some ko e {1,2, . . . ,n + 1} 



dak-^ = iin + 3)((n + 1)^ - 1), k G {1,2, . . . ,n + 1} 



where d = X^"^^ ^ 



Proof. We denote a point x £ T hy 



X — (xi , . . . , Xn+l) — , X^, . . . , X„_j 



+1; ^n+l^J 



2 



where we identify 

Xk = {xl,xl) = (0,0,..., 0,0, 4, 4, 0,0,..., 0,0), A; = l,...,n + l. 
We define rj^ix) = —x^ and X^. = Jr]f^, k = 1, . . . ,n -\- 1, where 



j{Xi, Xi, . . . , X,^j^i, X^,i) — ( Xi,X^, . . . . 



The vector fields {X^} form an orthonormal frame field of C{TT). It is easy to 
check that, at a point x, 

B{Xk,Xk) = — -rik + x 

and for k ^ j: 

B{Xk,Xj) = 0. 

Therefore t{j) = + ~ ^)^*:' '^hich implies that {Jt{j))^ = Jt{j) and 

div(Jr(j)) = 0. 

Since V-'-r(j) = and A^i^\{Xk) = — ((n + 1) — \)X]^, by a straightforward compu- 
tation we get T2{j) + 4r(j) = if and only if the desired relation is satisfied. □ 

Remark 4.11. Following [27], for n = 2, we obtain that T is a proper-biharmonic 

Lagrangian surface in CP^ if and only if af = ^^2^0^ 0-2 — ^3 — (^^^ 
also i26j). 

5. BiHARMONIC CURVES IN CP" 

Let 7 : I C M ^ CP" be a curve parametrized by arc-length. The curve 7 is 
called a Frenet curve of osculating order d, 1 < d < 2n, if there exist d orthonormal 
vector fields {Ei = 7', . • • 1 Ed} along 7 such that 
I' , 



(5.1) 



Ve,Ei = kiE2 
VEi^i = -h-iEi-i + kiSi+i, Vi = 2, . . . , d - 1 

y Ei^d = —kd-lEd-1 



where {ki, k2,k3, . . . , kd-i} are positive functions on / called the curvatures of 7 and 
V denotes the Levi-Civita connection on CP". 

A Frenet curve of osculating order d is called a helix of order dif ki = constant > 
for 1 < i < d— 1. A helix of order 2 is called a circle, and a helix of order 3 is simply 
called helix. 

Following S. Maeda and Y. Ohnita [20], we define the complex torsions of the 
curve 7 by fij = {Ei, JEj), 1 < i < j < d. A helix of order d is called a holomorphic 
helix of order d if all the complex torsions are constant. 
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Using the Frenet equations, the bitension field of 7 becomes 

(5.2) r2(7) = -3hKEi + {ki -M-kiM + h)E2 

+{2k[k2 + ^1^2)^3 + hhhEi - SkifuJEi. 

In order to solve the biharmonic equation r2(7) = 0, because of the last term in 
(|5.2p . we must split our study in three cases. 



5.1. Biharmonic curves with ri2 = ±1. In this case JE2 = and, using the 
Frenet equations of 7, we obtain 

J{Ve,Ei) = ±^1^1 = ^eME2) = T^E,E2, 

so 

Ve,E2 = -kiEi. 
Consequently, ki = 0, i > 2, and, from ()5.2p . it follows 



Proposition 5.1. A Frenet curve 7 : / C M ^ CP" parametrized by arc-length 
with fi2 = ±1 is proper-biharmonic if and only if it is a circle with ki = 2. 

Next, let us consider a curve 7 : / C M ^ CP" parametrized by arc-length with 
fi2 = ±1, and denote by 7 : / C M — > S^"^"^ one of its horizontal lifts. We shall 
characterize the biharmonicity of 7 in terms of 7. 

We denote by V the Levi-Civita connection on S^"''"-'^. We have j' = Ei = (Ei)^ 
and 

Ve.Ei = {VE.Eif = kiE^ = kiE2, 
i.e. ki = ki and E2 = E§ = ^{JEi)^ = ^JEi. It follows 

yE,E2 = {VeAf + i^E,E2,0i 
= -hEi-{E2,VE,0^ 
= -kiEi^{E2,E2)C 
= -kiEiTi 

and this means A;2 = 1 and E^ = =F^- Then V e^E^^ = e^S, = —E2. 
In conclusion 7 is a helix with ki = ki and k2 = 1- 

Now, we have JT{'y) = kiJE2 = ±kiEi, which is tangent to 7, and then 

J{iMi)V} = jMi) = -r{l). 

From 

div{(Jr(7))T} = div{fci(J^2,^i>^i} 

= {VE,{h{JE2,Ei))Ei,Ei) 
= k[{JE2,Ei) + h{JVE^E2,Ei) 
= ±k[ = 0, 
applying Remark 13.41 (iii) , we have 

Proposition 5.2. A Frenet curve 7 : / C M ^ CP" parametrized by arc-length with 
fi2 = ±1 is proper-biharmonic if and only if its horizontal lift 7 : / C M ^ S^""*""^ is 
(—4) -biharmonic, i.e. ^ is a helix with ki = 2 and k2 = 1. 

Moreover, we can obtain the explicit parametric equations of the horizontal lifts 
of a proper-biharmonic Frenet curve 7 : / — > CP". 
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Proposition 5.3. Let 7 : / C M — ^ CP" be a proper-biharmonic Frenet curve 
parametrized by arc-length with fi2 = ±1. Then its horizontal lift 7 : J C M — ^ 
can be parametrized in the Euclidean space R^"+^ by 

7(s) = ~ ^ cos((V2 + l)g)ei _ - ^ sin((V2 + l)s)Je-, 

+ ^ cos((^/2 - l)s)e3 + sm((^/2 - Jeg, 

where ei anc? 63 are constant unit vectors in M^""*"^ with 63 orthogonal to ei and Jei . 

Proof. The curve 7 is a helix with the Prenet frame field {£^1 = , E2 = E2 , E3 = 
and with curvatures ki = ki = 2 and k2 = 1- 
Prom the Weingarten equation of S^"'+-'^ in and Prenet equations we get 

"^E^Ei = Ve,Ei - {El, El) J = kiE2 - 7, 

VeiVei^^i = kiVE^E2 -Ei = ki{-kiEi T - = -{kl + T 

and 

VeiVeiVei£;i = -(A;? + l)VEi£;iTA;iV£;i,e 
= -{kl + l)VE,Ei-kiE2 
= -67" -7. 

Hence 7 is a solution of the differential equation 

^ g^// + ^ = 0, 

whose general solution is 

7(5) = cos{As)ci + sin(As)c2 + cos(i?s)c3 + sm(Bs)c4, 

where A, B = \/2± 1 and {cj} are constant vectors in E^"^"*"^. 
As 7 satisfies 

(7,7) = !, (7,7) = 1> (7,7') =0, (7,7") = 0, (7",7") = 1 + = 5, 

(7,7") = -1, (7',7'") = -(l + '^?) = -5, (7",7'") = 0, 
(7,7'") = 0, (7'",7'"> = 7«? + l = 29, 
and since, in s = 0, we have 7 = ci + C3, 7' = Ac2 + -Bc4, 7" = —A'^ci — B'^cs, 
7'" = -A^C2 - B^C4, we obtain 

(5.3) cii + 2ci3 + C33 = 1 

(5.4) ^^022 + 2ABC24 + B^cu = 1 

(5.5) Aci2 + Ac23 + Bcu + Bc^ = 

(5.6) A^Ci2 + A5^C23 + A^5C14 + B^C34 = 

(5.7) A^cn + 2^25^013 + 5^033 = 5 

(5.8) A^cu + {A^ + S')ci3 + -5^033 = 1 

(5.9) >1^C22 + (AB^ + A^B)c24 + ^^044 = 5 

(5.10) A^ci2 + A^B'^C23 + A'^B^cu + B^c^a = 

(5.11) A^ci2 + A^C23 + B^ciA + B^cu = 
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(5.12) ^^022 + 2A^B^C24 + 5^044 = 29 

where Cij = {ci,Cj). From (f53]) . (fS^B]) . ([51^ and ([5lT]) it follows that 

Cl2 = C23 = Ci4 = C34 = 0. 

The equations ([531), dSZl) and (^M) give 

1-^2 ^2 _ 1 

cii = -r5 = 0, C33 



and, from ([53]), dSj]) and (l5l^ it follows that 

C22 = -r5 fv7' C24 = 0, C44 



Therefore, we obtain that {cj} are orthogonal vectors in e2"+2 ^j^h |ci| = |c2| = 

/ i—B^ II II / A'^ — l 
y Ai^-B^' 1*^31 = |C4| = y 

By using that E'l = 7' _L ^ and then that JE2 = i-Ei, we conclude. □ 

Remark 5.4. Under the flow-action of ^, the (— 4)-biharmonic curves 7 induce the 
(— 4)-biharmonic surfaces obtained in Example 14. 4[ 

5.2. Biharmonic curves with fi2 = 0. From the expression (j5.2p of the bitension 
field of 7 we obtain that 7 is proper-biharmonic if and only if 



(5.13) 



ki = constant > 0, k2 = constant 

fc2^3 = 



Proposition 5.5. A Frenet curve 7 : / C M ^ CP" parametrized by arc-length 
with fi2 = is proper-biharmonic if and only if either 

(a) n = 2 and j is a circle with ki = 1, 
or 

(b) n > 3 and 7 is a circle with ki = 1 or a helix with A;2 + A-^ = 1. 

Proof. We only have to prove the statements concerning the dimension n. 

First, since {Ei, E2, JE2} are linearly independent, it follows that n > 1. 

Now, assume that 7 is a Frenet curve of osculating order 3 such that JE2 -L Ei. 
We have 



(5.14) 



^1=7' 
Ve,Ei = hE2 

VE,E2 = -hEi+k2E3 
Ve,E3 = -k2E2 



It is easy to see that, at an arbitrary point, the system 

Si = {Ei,E2, E3,JEi, JE2} 

consists of non-zero vectors which are orthogonal to each other, and therefore n > 
3. □ 

Next, we shall consider the horizontal lift 7 : / C M ^ §2"+! Qf curve 7 : / C 
M — > CP" parametrized by arc- length with fi2 = 0. As in the previous case we 
have j' = El = E^ , E2 = E^ and then JE2 -L Ei. This means J{t{-/)) _L Pi, so 
(J(r(7)))^ = 0. From Theorem 13.31 we obtain 
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Proposition 5.6. A Frenet curve 7 : / C M ^ CP" parametrized by arc-length 
with fi2 = is proper-biharmonic if and only if its horizontal lift 7 : / C M ^ 
is proper-biharmonic. 

The parametric equations of the proper-biharmonic Prenet curves in S^"+^ with 
JE2 -L El were obtained in [13]. Using that result we can state 



Proposition 5.7. Let 7 : / C M ^ CP" be a proper-biharmonic Frenet curve 
parametrized by arc-length with fi2 = 0. Then the horizontal lift 7 : / C M ^ S^"+^ 
can be parametrized, in the Euclidean space R^"+^, either by 

lis) = cos(\/2s)ei + sin(\/2s)e2 + "^es, 

where {ci, Jej}'- j^i are constant unit vectors orthogonal to each other, or by 

7(5) = ^ cos(Vl + Kis)ei + ^ sin(Vl + Kis)e2 



+73 cos(Vl - Kis)e3 + sin(^l - Kis)e4, 

where ki £ (0,1), and {ei, Jej}f are constant unit vectors orthogonal to each 
other. 

5.3. Biharmonic curves with fi2 different from 0, 1 or —1. Assume that 7 
is a proper-biharmonic Frenet curve of osculating order d such that fi2 is different 
from 0, 1 or —1. 

First, we shall prove that d > 4. 
Assume that d = 2. From the biharmonic equation T2(7) = we have ki = 
constant > and then {—k\ -\- ki)E2 — 3kifi2JEi = 0. It follows that E2 is parallel 
to J El, i.e. f^2 = 1- 

Now, if d = 3, from the biharmonic equation of 7, we obtain again ki = constant > 
and then 

(5.15) i-kj -kl + l)E2 + ^2^3 - 3ri2 J^i = 0. 

Next, differentiating — fi2(s) = (£'2, J£'i), we obtain 

-f'i2{s) = {Ve,E2,JEi) + {E2,VeJEi) = {Ve,E2,JEi) + {E2,kiJE2) 

= {Ve,E2, JEi) = {-kiEi + hE^, JEi) 
= hiEsjEi). 

Hence, taking the inner product with k2E3 in (|5.15p . we get ^2^2 + 3fi2T(2 = 
and so = — 3r^2 + '^O' where ujq = constant. Using (15.15P it results that kf = 
1 — u>Q -\- 6r^2- Therefore / = constant and k2 = constant. Finally, (15.150 becomes 
{-kj -kl + l)E2 - 3fi2 J-Ei = 0, which means that E2 is parallel to JEi. 
We have proved the following 

Proposition 5.8. Let ^ be a proper-biharmonic Frenet curve in CP" of osculating 
order d, 1 < d < 2n, with fi2 different from 0, 1 or —1. Then d> 4. 

Next we shall prove that for a proper-biharmonic Frenet curve in CP", fi2 and 
ki are constants whatever the osculating order of 7 is. 



(5.16) 
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We_have seen that -r(2(s)_= ^2(^3, JEi). If r2(7) = we have JEi = {JEi, £2)^2+ 
{JEi,E3)E3 + {JEi,Ei)Ei and 

' ki = constant > 

k-^ ~\~ k<2 — 1 ~\~ ^'^\'2 

^2^2 = -3fi2r(2 
Mk^i = 3fi2{JEi,E4) 

From the third equation of (I5.16[) . we get 

k2 = -3x^2 + Wo, 

where loq = constant. Replacing in the second equation of (|5.16|) it fohows that 

kl = l + 6fi2 - ujQ, 

which impUes fi2 = constant, and therefore, k2 = constant > 0. From —f[2{s) = 
k2{E3,JEi), we have (J£;i,^3) = and then JEi = fE2 + {JEi,Ei)Ei. It follows 
that there exists an unique constant qq G (0, 27r) \ { ^ , tt, ^} such that —fi2 = cos ao 

and (J^i,S4) = sinao = U. 
We can summarise in 

Proposition 5.9. A Frenet curve 7 : / C M ^ CP", n > 2, parametrized by 
arc-length with fi2 different from 0, 1 or —1 is proper-biharmonic if and only if 
J El = cos ao-^2 + sin oqE^ and 



(5.17) 



'ki,k2,k3 = constant > 
fef + ^2 = 1 + 3 cos^ ao 
hks = -| sin(2ao) 

{fi2 = — cos ao 



where qq G (§,7r) U (^,27r) is a constant. 

We end this section classifying the proper-biharmonic curves in CP" of osculating 
order d < 4. First, 

Proposition 5.10. Let j be a proper-biharmonic Frenet curve in CP"" of osculating 
order d < 4. Thenj is one of the following: aholomorphic circle of curvature ki = 2, 
a holomorphic circle of curvature ki = 1, or a holomorphic helix with k\ + k2 = l. 

Proof. Let 7 be a proper-biharmonic Frenet curve of osculating order d < A. Then, 
from Proposition 15.81 fi2 = ±1 or fi2 = 0. If fi2 = ±1, from Proposition 15.11 7 is a 
circle of curvature ki = 2. If fi2 = then we know that 7 is either a holomorphic 
circle of curvature A;i = 1 or a helix. We now prove that it is a holomorphic helix. 
For this we need to prove that the complex torsions Ti3,f23 are constant. 

fis = (Pi, JPa) = -i(V^^P2, JPi) = i(P2,V^,JPi) 

k2 k2 

= h{E2,JE2)=0. 
k2 

Now, using that for a Frenet curve of osculating order 3 we have A;ir23 = + fe2'ri2) 
we see that also r23 is constant. □ 

When the biharmonic curve is of osculating order 4, system ()5.17p has four solu- 
tions. 



22 D. FETCU, E. LOUBEAU, S. MONTALDO, AND C. ONICIUC 

Proposition 5.11. Letj be a proper-biharmonic Frenet curve in CP"' of osculating 
order d = A. Then ^ is a holomorphic helix. Moreover, depending on the value of 
fi2 = — cosoo, we have 

(a) // f 12 > 0, then the curvatures of 7 are given by 



(5.18) 



k2 = ^i^\/l - 3 cos2 ao ± ^9 cos4 oq - 42 cos^ ao + 1 
^3 = -2|;sm(2ao) 
h = - ^ii^ih cos ao - h sin ao) 
and 

-f34 = — ri2 = cos ao, fi4 = — f23 = — sinao and fis = = 0, 
where ao £ arccos(— ^^^)). 



(b) // T12 < 0, then the curvatures of 7 are given by 
(5.19) 



k2 = _ sm|o _ 3 (,os2 _t ^9 cos4 ao - 42 cos^ ao + 1 



M = -iiF^(^2Cosao - fcs sinao) 
and 

f34 = — fi2 = cos ao, 7^14 = —^"23 = " sin ao and -fis = -7=24 = 0, 
where uq G (^, tt + arccos(— ^^^)). 

Proof. Let 7 be a proper-biharmonic Frenet curve in CP" of osculating order d = 4. 
Then fi2 = — cosao is different from 0, 1 or —1, and JEi = cosao-E'2 + sinao-E4. 
Then it results that 

fi2 = — cos ao, Ti3 = 0, fi4 = — sin ao, and f24 = 0. 

In order to prove that r23 is constant we differentiate the expression of JE\ and 
using the Frenet equations we obtain 

V^^JEi = cos ao V^^ £^2 + sin ao V ^4 

= —ki cos ao-Ei + (k2 cos ao — ks sin ao)£'3. 

On the other hand, V ^_^JEi = kiJE2 and therefore we have 

(5.20) kiJE2 = —kicosaoEi + (A;2 cosao — A;3 sinao )-E'3. 

We take the inner product of (j5.20p with ^3, JE2 and JE4, respectively, and we get 

(5.21) Ail f 23 = -(A-2 cosao - A;3 sinao), 

(5.22) ki sin^ ao = —{k2 cos ao — k^ sin ao)T23, 

(5.23) = ki cos ao sin ao + {k2 cos ao — k^ sin ao)T34. 
From ([OT]) and ([02]) we obtain 

(5.24) kf sin^ ao = {k2 cos ao — k^ sin ao)^ 

and rig = sin^ ao. From rig = sin^ ao, (|5.2ip and ao € (^, vr) U (^, 2tt), one obtains 

r23 = sinao. 
Prom r23 = sinao, (I5.2ip and ()5.23p we get 

f34 = cos ao- 
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Finally, from Proposition 15.91 and ()5.24p we obtain 

fe| + A;| sin^ ao(3 cos^ oq — 1) + 9sin'^ ao cos^ oq = 0- 
The latter equation has either the solutions 



^2 = - — Y 1 — 3 cos^ Oq ± y/ 9 cos^ Oq — 42 cos^ CKq + 1 
provided that oq € (§, arccos(— ^^^)), or the solutions 



k2 = — - — Y 1 — 3 cos^ ao ± 9 cos^ qq — 42 cos^ oq + 1 
V2 

provided that ao £ (t"'^ arccos(— ^^^^)). Note that in both cases fc^ ^ (Oi^), 
thus all solutions for ^2 are compatible with fc^ + fc^ = 1 + 3cos^ ao- D 

Corollary 5.12. ^ny proper- biharmonic Frenet curve in CP^ is a holomorphic 
circle or a holomorphic helix of order 4. 

Remark 5.13. The existence of biharmonic curves of osculating order d > 4 is an 
open problem (the case d = 4 and n = 2 will be solved in the next section). We 
note that there is no curve (not necessarily biharmonic) of order d = 5 in CP" such 
that J El = cosao-E'2 + sinao-E'4, where ao G (0, 2tt) \ {vr}. 



6. Biharmonic curves in CP^ 

In this section we give the complete classification of all proper-biharmonic Prenet 
curves in CP^. From the previous section, we only have to classify the proper- 
biharmonic Frenet curves of osculating order 4. 

In the proof of Proposition 15.111 we have seen that 

r34 = --7=12 = cos ao, ri4 = -'7=23 = - sinao and fis = -7=24 = 0, 

and 

ki sin ao = —{k2 cos ao — sin ao ) , 
which implies that fci - ^3 = -^2^?^ > 0. 



Moreover, if ao G (f , arccos(— ^ )), then 



ki-ks _ k2 . _ 

cos ao = T12, — , = sm ao = r23. 



k1 + (^1 - \J~kl + ih - h 

if ao G (^,7r + arccos(-^^^)), then 

h-h _ h . _ 

cosao = — ri2, — . = — smao = — T23. 



and. 



+ (^1 - hy + (^1 - hy 

In order to conclude, we briefly recall a result of S. Maeda and T. Adachi. 
In [19] , they showed that for given positive constants ki , k2 and ^^3 , there exist four 
equivalence classes of holomorphic helices of order 4 in CP^ with curvatures ki , ^2 
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and ^3 with respect to holomorphic isometries of CP^. The four classes are defined 
by certain relations on the complex torsions and they are: when 7^ ^3 





h 7^ h 


h 


fl2 = T34 = M 7^23 = 7=14 = hfJ'/ {h + ^3) ^3 = ^24 = 


h 


T12 = T=34 = -/W T23 = ri4 = -k2fJ-/ (ki + A;3) fi3 = f24 = 


h 


fl2 = -T34 = T23 = -fl4 = k2vl {kl - h) Tl3 = ^24 = 


h 


T12 = -T34 = -I^ T23 = - fu = -hl^/ {h - h) fi3 = f24 = 



where 



kl + ks 



kl + {kl + h? 
kl - kz 



I'kl + (^1 - h? 
and when ki = k^ the classes I2, and I/i are substituted by 





h 


= h 












I', 


fl2 


= T34 


= Ti3 


= T24 


= 


T23 = 


-Ti4 = 1 


Ik 


fl2 


= T34 


= fi3 


= "^24 


= 


T23 = 


-fi4 = -1 



Using Maeda-Adachi classification, we can conclude 

Theorem 6.1. Let j be a proper-biharmonic Prenet curve in CP^ of osculating 
order 4. Then j is a holomorphic helix of order 4 of class Is or I4 according to the 
following table 



h 


if 


T12 


< 


and 


^23 


< 


h 


if 


fl2 


> 


and 


7^23 


> 



Conversely, 

(a) For any oq G arccos(— ^^^)) there exist two proper-biharmonic holo- 
morphic helices of order 4 of class I3 with 



(6.1) 



ko 



^i^Vl - 3 cos2 ao ± V9 cos4 ao - 42 cos^ aV+l 



sin ao 



(/c2 cos Qo — ks sin ao) 



(b) For any ag € (^^^r + arccos( ^^)) ^/^ere exisi too proper-biharmonic 

holomorphic helices of order 4 of class I4 with 



(6.2) 



k2 

h 



_sin|o ^1 - 3cos2 ao ± V9cos4 ao - 42cos2 ao +T 

-^sin(2ao) 



1 



sin ao 



(/c2 cos ao — ks sin ao) 
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